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a b s t r a c t
The reciprocal slope transformation (RST) for variables x (independent) and y (dependent)
is given [y] = x/y where the transformed quantity is denoted by the square brackets.
The simple rules for calculation with this transformation are developed and the use of
the transformation is demonstrated on a simple physical example: analysis of sorption
phenomena.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The reciprocal slope transformation (RST) is intuitively used for changing the list of quantities that describe development,
progress, growth and/or the process in the systems analyzed.
The RST is defined for a couple of twoquantities: x (independent) and y (dependent) ones. The result of the transformation
applied to the quantity y is a new dependent quantity [y], defined by the following form:
[y] = x
y
(1)
where y ≠ 0. The transformation can be used for expressing the y–x relation in a quasi-proportional way [1]:
y = 1
[y]
x (1a)
where 1/[y] is the formal coefficient of proportionality.
The present work gives the basic mathematical properties of the RST, including its application in the development of
sorption models.
2. Basic properties of the RST
The most basic property of the RST consists in the special aspect of the transformation to the relation of proportionality
betweenvariables—see Eq. (1a). A further important property of theRST consists in the fact that it serves also as the reciprocal
transformation itself, i.e.,
[[y]] = y. (2)
The RST of y equals 0 ([y] = 0) if x = 0 and one of the following conditions is fulfilled:
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a. y ≠ 0;
b. y = 0, y(n) = 0 for some integer n ≥ 1 and y(n+1) ≠ 0.
When y′ ≠ 0 in case b, [y] = 1/y′.
The other limit expressions for the RST are given as follows:
lim
y→±∞ [y] = 0; x ≠ ∞ (3a)
lim
y→0
[y] = ∞; x ≻ 0 (3b)
lim
y→0
[y] = −∞; x ≺ 0. (3c)
The RST is symmetric, i.e. [−y] = −[y]. Its unit values correspond to the axes of the first and the third quadrants: [y] = 1
for x = y, and [y] = −1 for x = −y. The constant values of the RST correspond to lines going through the initial point:
[y] = a⇒ y = x/a (4)
where a is a real number (a ≠ 0).
The RST of sums is governed by the following equations:
[y1 ± y2] = xy1 ± y2 =
1
y1
x ± y2x
= 11
[y1] ± 1[y2]
= [y1][y2][y2] ± [y1] =
[y1]
1± [y1][y2]
. (5)
The RST of the variable multiplied by an arbitrary real number (a) is given by a form similar to Eq. (4), i.e.
[ay] = x
ay
= 1
a
[y] . (6)
The RST of a product of two quantities for the same independent variable x is given as follows:
[y1y2] = xy1y2 =
1
x
[y1] [y2] . (7a)
This formula can be applied to the RST of the nth power (n is an integral number) of y:
yn
 = 1
xn−1
[y]n . (7b)
3. Derivatives of the transformed variables
The derivatives of the RST variables can be obtained from the definition of the transformation in Eq. (1):
[y] y = x (8a)
which after differentiation gives the following expression:
([y] y)′ = [y]′ y+ [y] y′ = 1. (8b)
After its adaptation, we obtain
[y]′
[y]
+ y
′
y
= 1
x
(8c)
and
(ln [y])′ + (ln y)′ = 1
x
. (8d)
This formula shows that the difference between the first derivative of ln[y] and the first derivative of ln(y) decreases with
increasing x.
The derivative of Eq. (8b) gives the following formula:
([y] y)′′ = 0 = [y]′′ y+ 2 [y]′ y′ + y′′ [y] (9a)
which after some rearrangement gives
[y]′′
[y]
+ y
′′
y
= −2 [y]
′ y′
x
. (9b)
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Table 1
RST for some simple mathematical functions.
y [y]
General Parameter x→ 0 x = 1 x→∞
Power, cxn x1−n/c
n > 1 ±∞a 1/c 0
n = 1 1/c 1/c 1/c
n < 1 0 1/c ±∞a
Polynomial, a+∑ni=1 bixi  ax +∑ni=1 bixi−1−1 n > 1 0 a+∑ni=1 bi−1 0n = 1 0 1
(a+b1)
1
b1
Exponential, cekx xc e
−kx
k > 0 0 e−k/c 0
k = 0 0 1/c ±∞a
k <0 0 e−k/c ±∞a
Logarithmic, ln(kx); k > 0 x/ ln(kx) 0 1/ ln(k) ∞
a The sign is given by the sign of c.
The derivatives of nth order are given by the following expression:
[y](n)
[y]
+ y
(n)
y
= −1
x

n−1
i=1
ani [y](n−i) y(i)

(10)
where the symbols in round brackets denote orders of derivativeswith respect to x and the parameters ani represent integral
parameters with the following properties:
an1 = an(n−1) = n (11a)
ani = a(n−1)(i−1) + a(n−1)(i). (11b)
4. The RST for some common functions
A list of selected analytical functions is given in Table 1. The table contains also the RST values for x = 0, 1 and ∞.
The table shows that the RST removes the function’s improper values in many cases and it makes it possible to analyze
experimental data by standard numerical methods including statistical ones. On the other hand, some problems appear
for the RST of zero points. The RST can then be applied mainly to monotone functions without zero points or to monotone
functions with a special zero point for x = 0. In these cases, 1/[y] contains ‘‘spectral’’ information about deviations from the
linear plot.
5. Application to sorption isotherms
The sorption isotherm of a substance represents the relation between its moisture content and its water activity at
constant temperature. Many different equations describing sorption phenomena have been developed as important means
for the smoothing and interpolation of experimental data. Most of the sorption isotherms used in food science are of the
sigmoidal shape, that could be described by the so called GAB equation [2]:
w = wmCKaw
(1− Kaw) (1− Kaw + CKaw) (12)
wherew ismoisture content (dependent variable), awwater activity (independent variable) andwm, C andK are thematerial
parameters. This is a monotone function with the initial zero point (aw = 0, w = 0). The RST of this equation is [2]
[w] = aw
w
= 1
wmCK
+ (C − 2)
wmC
aw − K(C − 1)
wmC
a2w (13)
which is a polynomial of second order in thewater activity. The parameters of Eq. (13) can be easily obtained by the simplest
software means and parameters wm, C and K can then be calculated easily. The GAB can be generalized [3] by increase of
the polynomial order on the right side of Eq. (13). There exist further equations describing sorption isotherms;most of them
are rationalized by the expression in the transformed (RST) version [4].
Fig. 1a contains an experimental sorption isotherm that was determined for native wheat starch during its resorption at
room temperature. The data can be interpreted using a modified proportional relation MC = aw/[MC], similar to Eq. (1a).
The RST of MC is represented here by the water activity to moisture content ratio ([MC]) plotted in Fig. 1b. The individual
experimental data [2] after their transformation were analyzed by using the approximation of the [MC] − aw relation by
a polynomial of fourth order [3]. The parameters obtained are given in Fig. 1b. Here we see the main advantage of the
transformed plot: easier approximation of the transformed data by simple mathematical functions. The reciprocal value of
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Fig. 1a. Sorption isotherm (in black) of wheat starch obtained for resorption at room temperature [2]—plot of the moisture content (MC d.b.) versus water
activity. The reciprocal RST of MC (1/[MC]) was obtained by polynomial approximation of the data in Fig. 1b.
Fig. 1b. RST of MC from Fig. 1a plotted against water activity. The experimental points are approximated by a polynomial of fourth order [MC] =
−29.406a4w + 56.291a3w − 42.165a2w + 16.425aw + 0.8574, R2 = 0.977 [3].
the [MC] representsmodifying the coefficient in the relationMC = aw/[MC]; this coefficient was calculated for our sorption
isotherm from the polynomial data in Fig. 1b and was plotted in Fig. 1a. [MC]−1 = MC/aw versus aw shows that for a large
amount of water activity values, 0.2–0.8, [MC]−1 is relatively stable and could be described simply by some decreasing
linear equation: [MC]−1 = k1 + k2aw with positive k1 and negative k2. The MC–aw relation then can be expressed as
MC = k1aw+k2a2w . Themain contribution of the function [MC]−1 is atwater activities below0.2 and above 0.8where [MC]−1
increases substantially, expressing the special sorption properties of starch. The shape of [MC]−1 contains information about
the sorption spectrum.
6. Conclusions
The RST is a simple transformation of the dependent variable into its reciprocal secant slope value. The simple rules for
calculation with this transformation were developed. The application of the RST was demonstrated on an approximation of
experimental sorption data. The RST is suitable for searching for deviations of any experimental data from the proportional
dependence.
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